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Temperature Distribution and Effectiveness of a

Two-Dimensional Radiating and Convecting Circular Fin

S. Sixkra* aAnp M. IQBALT
University of British Columbia, Vancouver, Canada

An analysis is made of the heat-transfer characteristics of a circular fin dissipating heat
from its surface by convection and radiation. The temperature is assumed uniform along
the base of the fin and constant physical and surface properties are assumed. There is radiant
interaction between the fin and its base. Two separate situations are considered. In the
first situation heat transfer from the end of the fin is neglected. Solution of the linear con-
duction equation with nonlinear boundary conditions has been obtained by a least-squares
fit method, and also by the finite difference method and the results compared. Results are
presented for a wide range of environmental conditions and physical and surface properties of
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the fin. In the second situation, heat transfer from the end of the fin is also included in the
analysis. The solution for the second situation is obtained by a finite-difference proce-
dure only. It is shown that neglecting heat transfer from the end is a good approximation
for long fins or for fins of high thermal conductivity material.

Nomenclature

radius of circular fin, ft

acalo®/k, radiation-conduction parameter, dimension-
less

configuration factor, dimensionless

heat-transfer coefficient, Btu/hr ft2 °R

thermal conductivity of fin, Btu/hr ft °R

fin length, ft

!/a, dimensionless fin length

ha/k, convection parameter, (Biot number), dimension-
less

rate of heat loss from fin, Btu/hr

cylindrical coordinates for fin, ft

r/a, z/a, dimensionless ¢ylindrical coordinates

fin base radius, ft

absolute temperature, °R

fin base temperature, °R

fluid bulk temperature, °R

effective radiation environment temperature, °R

coefficient of absorptivity, dimensionless

coefficient of emissivity, dimensionless

Stefan-Boltzmann constant, 0.1714 X 1078 Btu/hr
ft2 °R+4

fin effectiveness

re/a, dimensionless

(T — Te)/Ty, dimensionless temperature at any point
in the fin

T./Ts, dimensionless fluid bulk temperature

T*/Ty, dimensionless effective radiation environment
temperature
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Subscripts

1
2

o

fin surface
base surface

fluid bulk

(/'

Superscripts

* = effective radiation environment

Introduction

HE solar energy absorbed by a space vehicle by direct

incidence or reflection from planets and the energy gener-
ated by electronic instruments in the vehicle itself have to
be dissipated away to the surroundings. To limit the large
amounts of heat-transfer area required on the space vehicle,
fins are extensively used.

Although several studies have been made on the steady-
state heat transfer for radiating fins, most of the work has
been for the one-dimensional model. Shouman! has ob-
tained an exact general solution for a constant cross-sectional
area fin. However, he considered a one-dimensional model
with no fin-to-base interaction. Liu? had earlier developed
an exact solution for the rectangular profile fin. Lieblein?
obtained a finite difference solution for the rectangular fin
while Bartas and Sellars* determined the fin effectiveness
for one-dimensional heat flow in rectangular fins by numeri-
cal methods. Sparrow and Eckert® considered the effects of
mutual irradiation occurring between a fin and its adjoining
base surfaces. Sparrow, Eckert, and Irvine® used numerical
iterative methods to analyze the effectiveness of plane radi-
ating fins with mutual irradiation. Chambers and Somers?
numerically determined the fin efficiency for a flat annular
fin. Sparrow, Miller, and Jonsson® used finite difference
methods to calculate the fin effectiveness for one-dimensional
heat flow in annular fins with mutual irradiation between
the black radiator elements. Recently, Sparrow and Nie-
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Fig. 1 Circular fin geometry.

werth? have given the numerical and linearized solutions for
the one-dimensional heat conduction in convecting-radiating
fins.

Apparently the literature contains very few studies for
the two-dimensional heat flow and they have all used finite-
difference techniques. Holstead and Holdredge® have
used finite-difference techniques to solve the problem of
trapezoidal profile fins with no base interaction for both
one-dimensional and two-dimensional cases. Sparrow, Jons-
son, and Minkowycz!! have obtained the solution for the two-
dimensional heat flow in fin-tube radiators by a finite-differ-
ence procedure.

In the present report, a series solution whose coefficients
are determined by the least squares fit method, has been
employed to analyze the two dimensional heat flow in a
circular fin. Heat is dissipated by radiation and convection
from its surface. In addition, radiation interchange with
the base is included. The results of the least squares fit
method have been compared with a finite difference solu-
tion. The finite difference procedure is described in the
Appendix.

Formulation and Solution of the Problem

Consider & circular fin of radius ¢ and length 7 as shown
in Fig. 1, subject to the following conditions: 1) the tem-
perature is uniform along the base of the fin, 2) there is no
incident radiation on the fin so that there is rotational sym-
metry, 3) the physical and surface properties of the fin and
base materials are invariant with temperature, 4) the fin is
of isotropic homogeneous material, and 5) the fin has radi-
ation interaction with the base but multiple interactions
with the base are not considered.

Two cases are considered and they are dealt with separately
in two sections. Section A deals with the case in which heat
transfer from the end of the fin is neglected in comparison
with that from its sides. In Sec. B, the heat transfer from
the end is also included and the results obtained are com-
pared with those of Sec. A.

A. No Heat Transfer from the End of the Fin

The steady state differential equation of heat conduction
and the boundary conditions can be written as follows.
Energy equation:

2T/ory) + (1/r)-(0T/or) + (0*T/d2%) = 0 )]

Boundary conditions:

1) atz=0,T =T, 2
2) atz'=1,0T/0z2 =0 3)
3) atr =0,0T/or =0 4)

4) The fourth boundary condition at r = @ involves
the energy balance of an elemental area dA;.
Assuming gray body properties for the fin, (ie., &n = &),

ATAA JOURNAL

the energy balance equation reduces to

oT

—del'—a;‘ = dAl (1 —_ FdA1—>A2) '€10'Tr=a4 -

r=a

aoT*.dA; (1 — Faarsas) + ddi-h(Ti—a — To) —
dAl‘FdAl—-»Az'€2<7To4'€1 + dAerAl—n‘iz'510'Tr=a4

where the configuration factor Fga,—»4, introduced above de-
notes the fraction of the total energy emitted by d4, that is
intercepted by As. Rearrangement of the terms yields

or — €ao 4 49 R
07’ —a - k Tr=a + k T (]- FdA1—>A2)
h
(T = To) + B TP aaas (5)

The governing equation for the temperature distribution
in the fin and the boundary conditions may be rephrased into
convenient dimensionless forms by introducing dimensionless
variables as follows:

A= (T = To)/To, \o = To/ Ty, \* = T*/T,
R=vr/a,L=1/a,Z = z/a

In terms of these new variables, Eq. (1) and the boundary
conditions [Egs. (2-5)] become

(02\/ORY + (1/R)-(ON/OR) + (D?N/Z%) =0  (6)

Boundary conditions:

1) Moo = 0 )
o\
o7 ys 0 8)
o\
ORlp 0 9
0N A0+ )t 4 AN — Pasea) —
OR|rp

N(l —+ )\R=l) + N\ + AGQFdA1—>Az (10)

where A = ecaly?/k is a radiation-conduction parameter and
N = ha/k is actually the Biot number but here is referred to
as the convection parameter since it is being used to study
the effect of the convective heat-transfer coefficient A.

The solution of the energy equation (6) satisfying the three
boundary conditions (7-9) is as follows:

@ @2n 4+ D~ . [@n 4+ Dr
A= ngo Cn'{lo [TR]} SIII[T'Z])
€3]

The unknown coefficients C,(n = 0, 1,2, ..., =) can be
determined by point matching or least squares fitting at a
finite number of points on the boundary, choosing equally
spaced points along the length of the fin and the matching
or fitting to Eq. (10). The point matching method involves
developing a polynomial with a number of unknown coeffi-
cients which exactly satisfies the differential equation. The
boundary condition is then exactly satisfied only at a number
of points on the surface. The number of points are the same
as the number of unknown coefficients in the polynomial.
The resulting set of simultaneous equations is then solved
for the unknown coefficients. However, we have employed
the least-squares fit method since it is known to be more effi-
cient than the point matching one.’® This method also
involves developing a polynomial which exactly satisfies the
differential equation but it utilizes more points than the
unknown coefficients of the polynomial. The boundary
conditions at these points are then not exactly satisfied but
it ensures a better fit to the boundary as a whole. From
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boundary-condition Eq. (10), the expression to be minimized
is obtained as
oA

S=2 {aR

— [=AQ 4+ Apn)t -+ AN*

. 2
(1 - FdA1—>A2) - N(l -+ )\R=1) + N)o + AédeAl-—»Ag]}

where Z; denotes summation over all points in the reg10n
0<Z«L

Usmg the series solution for A as expressed in (11), the
previous expression takes the following form:

® { @n + Dr [(Zn -+ 1)#}><

R PN L 2L
L[] a o o [
[(211,-{-1) ]>}4+N{1+§0<C"'1"[@;TM]X

afie )]

AN — Fgarras) —

2
Nho — A€2FdA1-—>A2) (12)

Sinee the function is nonlinear in the unknown parameters
C., it is first locally linearized by Taylor’s expansion and
then the least-squares fit criterion applied, i.e., 0S/0C, =
0,n=20,1,2 ..., »). Using only m terms of the series,
we get a system of linear algebraic equations which are
solved to give the coefficients oy (n = 0, 1,2, ..., m — 1).
The process is then iterated upon until

Cnnew J— C"old

O old <1077

In this report, 7 coefficients and 100 points on the boundary
were chosen. The least-squares fit method is also deseribed
in Refs. 13 and 14.

Thus, for known values of A., A*, A, N, L, and € the tem-
perature distribution can be determined if the configuration
factor is known. The configuration factor was evaluated on

1.0 T T T T T T T
B=4
09 L=16 *
N=001
A;X=0.2
08~ €21 7
0.7 — teast Squares Fit 7
o Finite Difference
0.6~ _
Az107
T oost 107
T
107!
04 *
0.3 2
021 |
01 -
0.0 | L 1 1 { [ 1

0 2 4 -] 8 10 12 14 -6

Fig. 2 Effect of radiation-conduction parameter 4 on the
axial temperature distribution.
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Fig. 3 Effect of convection parameter N on the axial tem-
perature distribution.

the lines of the method described in Ref. 12 and the expression:
is given below.

%..tan—l [£52_Z*1)1/2:| 4
z {L. o (_1_) e
T 2 €08 5 (¢2 — 462)1/2
[ (B = Do + 28)\* }
ten [(<B+ D — zm) ] 13

Zr 4 B2+ 1.

Fias4.

where 8 = /e and ¢ =

Discussion of Results

Fin temperature distributions

The temperature distribution along the axis (R = 0) is
represented in Fig. 2. It shows that at any point on the
axis the temperature decreases with increasing values of the
radiation-conduction parameter A. This is as expected
since high values of A mean a low value of k or high values
of fin radius e or base temperature T, each of which decreases
the ratio 7'/To. The slope at the end of zero, as it should
be, indicating no heat transfer from the end.

Figure 3 shows the effeet of the variation of the convection
parameter N on the axial temperature distribution. An in-
crease in N causes more heat loss by convection and therefore
lower surface and axial temperatures. The surface-tem-
perature distribution is compared with the axial temperature
distribution in Fig. 4. The surface temperature is lower
than the axial temperature at any section and the difference
is larger for fins of low thermal conduectivity.

Fin effectiveness

The heat-transfer performance of the fin ean be expressed
in terms of the fin effectiveness as

Q N 2’”‘[ aTLJ &

- Qiaear  2mallea(Tot — TH) + Ty — Tl

where the ideal heat flux is defined by assuming that the
entire fin is at the base temperature and radiates without
interference.
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Fig. 4 Comparison of surface and axial temperature
distributions.

Nondimensionalizing all the terms, the expression for fin
effectiveness becomes
dz

L A
1 j; VR Iz

"= T T A0 — 2% + NO — N

(14)

The effect of the variation of various parameters on the
fin effectiveness has been presented. Due to the presence of
seven independent parameters only a few representative
cases have been presented.

It has been noted that an increase in either of the param-
eters, the base surface emissivity e; or the fin base radius 8
decreases the fin effectiveness since the greater radiant inter-
action of the fin with the base suppresses the heat transfer
from the fin to the surroundings. Increase of A, or A* also
decreases the fin effectiveness in most cases although the
effect depends upon the values of other parameters.

Figure 5 shows the effect of the variation of N on 5. An
increase in the value of N decreases the surface temperature,
thus reducing drastically the heat transfer by radiation.
This reduction is normally greater than the increase in the
convection term, the over-all effect thus being to decrease
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the fin effectiveness. Increasing values of the fin length re-
duce the temperature of the fin surface. This decreases the
fin effectiveness as illustrated in Fig. 6.

A comparison has been made in Table 1 of the values of
fin effectiveness obtained by this work with that by Sparrow
and Niewerth.® In Table 1, 8 has been taken as one to
avoid bringing in the effect of fin-to-base interaction. The
comparison could, however, be made only for a very limited
range of values since only a few results were available in Ref. 9
Although the difference in values is small, since high con-
ductivity fins (low values of A) are considered, the fin effec-
tiveness as obtained by this work is lower throughout the
range. This is because the two-dimensional model is con-
sidered here which causes lower surface temperatures. The
greater variation in fin body temperatures causes lower fin
effectiveness since it represents greater departure from the
isothermal fin case.

Comparison of the least-squares fit results
with the finite difference solution

The results of the temperature distribution obtained by
the two methods are illustrated in Fig. 3. The values agree
with each other very closely. For high values of the radi-
ation-conduction parameter A, there is an agreement up to
four significant figures. However, even with this close agree-
ment in temperature distribution, there is an appreciable
deviation in the values of fin effectiveness as can be seen from
Fig. 6. The deviation depends upon the number of series
terms and boundary points. When more series terms and
more boundary points are taken in the least-squares fit
method, the fin effectiveness values approach those obtained
by the finite difference technique. Fin effectiveness values
obtained by the least-squares fit method for 7 series terms
and 100 boundary points and for 20 series terms and 400
boundary points are compared with those of the finite differ-
ence method. Thus, the least-squares fit method results
can approach the finite difference values, although at the
expense of increased computer time.

B. Heat Transfer from the End of the Fin
is Not Neglected

For fins of short length, it may not be very correct to
neglect the heat transfer from the end of the fin as compared
to that from its sides. This situation is analyzed in this
section.

The energy equation and the other three boundary condi~
tions remain unaltered. Only boundary condition 2) [Eq.
(3)] is altered. The boundary condition at the end of the
fin now takes the following form:

1.0 T I i f

"
A>g s

m>
n ‘“ "

W

1

IS

FIN EFFECTIVENESS

.08

oT
_k.—b? = eao(Toai* = T* + (T — To) (15)
2=l :
— Fig.5 Effect of N on the fin effectiveness.
.10



JANUARY 1970

TWO-DIMENSIONAL RADIATING CIRCULAR FAN

105

10

o]

Fig. 6 Effect of fin length on the fin

EFFECTIVENESS |
o

effectiveness. (* denotes 7 terms in the
series and 100 boundary points.) 4
=
o
2
0 !

—— Least Squares Fit (7-100)"
------- Least Squares Fit (20-400) |

~——-Finite Difference

Employing the dimensionless parameters described earlier
in Sec. A, the above equation is rendered dimensionless and
it then takes the form

o\
0Z\z-1

—AQ + Nz—p)* + AN — N(1 + Nzoz) + N)a
(16)

The finite difference procedure was then applied to solve
the system of Egs. (6, 7, 10, 9, 16). The procedure used was
similar to the one used in See. A. The results obtained were
compared with the finite difference results of Sec. A (no heat
transfer from the end) and plotted in Figs. 7 and 8.

The fin effectiveness for this condition is re-evaluated as
follows:

Q

7 =
Qideal

l oT a oT
[ ora [—-k-—aTrza]dz—kfo 27rr[—k-¥z=l:|dr

@ral + ma?){ea(Te* — T*9) + W(Tp — T.)]

an

On nondimensionalization the preceding expression takes
the following form:

L O\ 1D\
e el R, e
T T \an 1 A1 — N + N1 — )
(18)

Comparison of Section A with Section B

Tigure 7 illustrates the results of axial temperature dis-
tribution obtained by the two boundary conditions stated
in Secs. A and B. Tor low values of A (i.e., high thermal
conductivity), agreement between the two conditions is
reached at comparatively smaller values of L. This is more

clearly demonstrated by the plots for fin effectiveness in Fig
8. Both high values of L or low values of A reduce the
difference in the results obtained by the two conditions.
However, even for very high thermal conduectivity of the
fin the marked difference in fin effectiveness, especially at
low values of L, will still remain. This is due to the inherent
difference in definitions of fin effectiveness for the two cases
(Egs. 14 and 18). Even if heat transfer from the end is
negligible and the term

J) 5
0 o7
is neglected, the difference in the factors 2/(2L + 1) and 1/L

will cause a marked difference in the values of fin effective-
ness, especially for low values of L.

RdR

Z=L

Conclusions

The problem of two-dimensional heat flow in a circular
fin having radiant interaction with the fin base has been
analyzed. The solution is obtained by a series expansion
and the least-squares fit method. Results are presented in
terms of axial temperature distribution and fin effectiveness.
The problem is also solved by a finite difference solution and
the results obtained by the two methods are compared. For
materials with high thermal conductivity, the results agree
closely with the one-dimensional model.

The investigation reported herein has also considered the
effect of heat transfer from the end, an effect that has gener-
ally been neglected in prior studies of radiating fins. This
problem has been solved by a finite difference procedure.
The results demonstrate that the effect of heat transfer
from the end of the fin becomes small for fin materials of
high thermal conduectivity or for long fins.

Appendix: Finite Difference Approximation

The elliptic partial differential equation (6) was solved
using a square grid. Using the standard 5-point approxima-

Table 1 Comparison of fin effectiveness values with those obtained by Sparrow and Niewerth? (8 = 1, &; = 0.4)

Values of this work

Reduced to values of Ref. 9

4 L N N, = 241 New = 2NL? Ao = 0a A* = 0% nmgmiowork 7, Ref. 9
10— 3.873 0.005 0.3 0.15 0.7 0.7 0.691 0.728
10— 3.873 0.005 0.3 0.15 0.9 0.9 0.681 0.718
102 12.25 0.005 0.3 1.5 0.7 0.7 0.552 0.580
103 12.25 0.005 0.3 1.5 0.9 0.9 0.541 0.571
10 5.477 0.01 0.6 0.6 0.7 0.7 0.539 0.577
10 5.477 0.01 0.6 0.6 0.9 0.9 0.522 0.558
103 17.32 0.006 0.6 3.6 0.7 0.7 0.391 0.420
10 17.32 0.006 0.6 3.6 0.9 0.9 0.380 0.409
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Fig. 7 Comparison of axial temperature distribution
obtained for two conditions.

tion of the Laplacian, the finite difference scheme for the
interior points is

1 1 1
N = S lWan + (1/b2>1'[“”’+‘ <F + 2b_R) +

1 1 1
Niji (ﬁ - ,5_,7;7%) + s Nia,s + )\5—1,]')]

where %, 7 and a;, b are the subscripts and step sizes for the
Z and R directions, respectively (Fig. 9a).

On the boundaries, however, we do not try to satisfy the
differential equation but satisfy the boundary conditions
only. Using the forward-difference approximation for the
derivative of a function at a point, one obtains, in general,
for a function ¢ at any boundary ¢, = 3[2¢.1 — Zbus +
h-(0¢a/On)], e.g., for the boundary C — D (R = 1) for a
80 X 10 grid,

New = 2{2\i0 — 2 Nipo + B[—AQ + Now)t +
ANM(1 — Fia-a.) — NQ + M) +
Nho + AeFaa,-54.1}

A coarse grid was first used to obtain a rough shape which
was used as the initial distribution for a finer grid. A number
of values of the over-relaxation parameter were tried and
although the optimum value varied with the variable param-
eters A, N, etc. of the problem; a value of 1.90 seemed to
be most suitable.
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Fig. 8 Fin effectiveness against fin length for both condi-
tions.
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